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Abstract
The problem of effective shear and bulk moduli, of an effective Poison’s ratio
and of an effective dielectric response in microcomposites of the ferroelastic-
dielectric type was studied by us recently. Recently one of us, M. Hudak,
studied in [1] static mechanical properties of the EVA material theoretically
and experimentally. We extend our mentioned study of mechanical response of
microcomposites of the type ferrolastics - dielectrics to study of Young modulus
and shear wave velocity.
2
1 Introduction
Macro- and microfiller-reinforced polymer composites are used 70 years in var-
ious industries [2]. Fiberglass pipe from 1948 can be mentioned. These ma-
terials have superior mechanical properties, they are nonmagnetic and have a
good resistance against harsh environment. Thermoplastic and thermosetting
composites are used in such sectors as aerospace, automotive sector (molded
parts, fuel and gas tanks), rail, construction, sport, medical, electrical, oil/gas,
energy and water. Transportation is dominant sector for these composites. It
is possible to obtain high specific stiffness and strength. Body parts of poly-
mer based composites are in various land transport vehicles. Early use of the
composites was also in marine, commercial aircrafts, biomedical applications
(hip replacement-low friction coefficient, low density, biocompatibility), boot
applications. Macro- and microfiller-reinforced polymer composites are dielec-
tric mixtures. Their electrical properties and modeling of dielectric mixtures
are discussed in [3]. They are composites, which are made up of at least two
constituents or phases. The outstanding mechanical properties of them led to
extensive research and to a highly developed technologies [4], [5] and [6]. In [3]
attention was given to their other physical properties, which affected their use
in electrical applications [7], [8], [9] and [10]. In [11] O. Hudak and M. Hudak
studied static dielectric response of microcomposites of the type ferrolastics -
dielectrics for application in solid oxide fuel cells (SOFC).
Recently we have studied dielectric response of ferroelastic-dielectric com-
posites [12] and [13]. When a coupling of the elastic strain to the electric polar-
ization is present then the dielectric response of a ferroelastic material may be
studied, see in [14] and [15].
Elastic response function - compliance - shows in Cole-Cole diagrams circular
and non-circular behavior of these materials in their crystalline and ceramic
form [16], thus multirelaxation phenomena exist in these materials under some
conditions.
Higher mechanical loading leads to nonlinear behavior and is exhibited by
ferroelectric and ferroelastic ceramics [17].
In the paraelastic phase coupling of the elastic strain and electric polarization
does exist at these temperatures. Constraint due to neighboring material and
due to shape of this material inclusions lead, below the critical temperature,
for the transition from paraelastic to ferroelastic phase to several forms of the
low-temperature phase [18] in the matrix . As it is noted in [18] only for very
small grains there exists a single variant of this form. We wil further assume
that there are small mechanical fields of the order 10−3 and that particles are
of the diameter of the order of 1µm. They may form microcomposites. In
ferroelastic phase long-range anisotropic forces may appear [19]. In our paper
we discuss properties of the microcomposite above the critical temperature, and
these long-range forces can be neglected in the paraelastic phase.
The problem of effective shear and bulk moduli, of an effective Poison’s ratio
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and of an effective dielectric response in microcomposites of the ferroelastic-
dielectric type is a very interesting one for the polymers of the EVA type with
fillers. Recently one of us, M. Hudak studied in [1] static mechanical properties
of the EVA material theoretically and in experimentally realized form. The
Young modulus play also important role. The properties of such materials may
be restructured by filers. Then dependence of the Young modulus on the con-
centration of filler to describe observed dependencies is interesting theoretical
problem. We will use here the model developed in [13] to determine the be-
havior of elastic moduli of the microcomposite. We assume that the grains of
both phases are more-less of the spherical shape. The shape of the ferroelastic
material particles is assumed to be spherical and characterized by the same di-
ameter, it depends on the method of preparation of the microcomposite. The
shape of dielectric particles is assumed to be more-less spherical and we assume
further that there exists a distribution of their radii which may be characterized
by a homogeneous distribution function as concerning mechanical properties.
Analysis of the elastic moduli of heterogeneous materials was done in [20]. We
used from [20] method to analyze our system of the ferroelastic-dielectric mi-
crocomposite. We will describe mean-field equations for the effective shear and
bulk moduli of the composite, and for the effective Poisson’s ratio found in [13].
From these quantities we describe the Young modulus and shear wave velocity,
which is the aim of this paper. Note that from the effective shear modulus G∗
we can calculate the shear wave velocity in homogeneous and isotropic solids
(as elastomers are), where there are two kinds of waves, pressure waves and
shear waves. The effective velocity of a shear wave v∗s is given by the shear
modulus and the the solids density. A shear wave v∗s (or S-wave) is an elastic
body wave - not surface wave. The name S-waves is from seismology where they
are secondary waves after compression primary P-waves. Besides geotechnical
informations they are used in measuring biological tissues, in architecture , in
evaluation of liquifaction of solids.
In this paper we study mechanical properties of microcomposites of the type
ferrolastics - dielectrics for application in macro- and microfiller-reinforced poly-
mer composites. In the first part we describe model of ferroelastic-dielectric
microcomposites for polymer and elastic moduli of the macro- and microfiller-
reinforced polymer composite is studied. Then the case of no distribution of the
form of particles and effective Young modulus are studied and in the next part
low concentration of the dielectric material in the composite and its influence
on the Young modulus is described.
4
2 Model of ferroelastic-dielectric microcompos-
ites and elastic moduli
For filler-reinforced polymer composite we describe a model of a ferroelastic-
dielectric microcomposite. Primary order parameter in this material is the
corresponding component of the elastic strain tensor. The polarization is in
ferroelastics a secondary order parameter The ferroelectric state is present due
to a coupling between the elastic strain tensor and the polarization. For me-
chanical response and for dielectric response changing the concentration of two
types of particles in the microcomposite the response to external fields changes.
For simplicity we consider all particles in the microcomposite of the same diam-
eter d for the ferroelastic material and of nearly the same diameter for dielectric
material. We will assume that the composite consists of ferroelastic particles -
spheres. The index N is used for this material constants . There are also di-
electric particles - almost spheres - which have different diameters of the other
material. We will assume further that there are (N-1) different particles of this
second type. Mechanically we have a composite from N types of particles. The
concentration of the ferroelastic particles is assumed to be (1 − x), and that
of the i = 1, ..., N − 1 types of dielectric particles have the same concentration
xi =
x
N−1 . The total concentration of the second material is x. The size dis-
tribution of grains of the second material is assumed to be homogeneous. Then
mechanically we have a material of the volume V with the N phases. The volume
concentration is Vi
V
for the i-th particle (mechanically phase, i = 1, 2, 3, ..., N.).
We assume that the particles of the second material have the same volume V x
N−1
. To derive effective moduli of the composite we wil use the method accord-
ing to [20]. We calculated the effective shear modulus G∗, the effective bulk
modulus K∗ and the effective Poissons ratio ν∗. In our paper [13] we did not
calculated the Young modulus and the shear wave velocity. These are other
elastic characteristics of the composite. We consider, as in [20], a large cube of
the microcomposite with edges parallel to the coordinate axes (x,y,z). Further
we assume that a uniform shear stress may act to the surface of the cube and a
uniform hydrostatic pressure may act on the surface of the cube. This lead to
a strain and a volume contractions. Note that for large volume of the particles
of the second material in the ferroelastic material they will appear as inclusions
in a ferroelastic matrix. In [20] the composite is described as a matrix and this
includes interactions of the particles of the dielectric material in the ferroelastic
material. Thus we obtain effective elastic moduli.
Let us now describe equations for the effective elastic moduli of the micro-
composite in the limit of a large number (N−1) of dielectric particles with their
concentration x. The effective shear modulus G∗ is found from the equation 2.7
in [20], see also [13]:
5
1G∗
=
1
GN
+ x
∫ 1
0
dr(1 −
G(r)
GN
)
1
G∗ + β∗(G(r) −G∗)
(1)
where:
β∗ =
2(4− 5ν∗)
15(1− ν∗)
(2)
and ν∗ denotes the effective Poissons ratio of the composite material.
From the effective shear modulus G∗ we can calculate the shear wave velocity
in homogeneous and isotropic solids (as elastomers are), where there are two
kinds of waves, pressure waves and shear waves. The effective velocity of a
shear wave v∗s is given by the shear modulus and the the solids density:
v∗s =
√
G∗
ρ
(3)
where G∗ is the shear modulus and ρ is the solids density.
The effective bulk modulus K∗ is found from the equation:
1
K∗
=
1
KN
+ x
∫ 1
0
dr(1 −
K(r)
KN
)
1
K∗ + α∗(K(r)−K∗)
(4)
where:
α∗ =
1 + ν∗
3(1− ν∗)
. (5)
Here ν∗ , the effective Poissons ratio of the composite material:
ν∗ =
3K∗ − 2G∗
6K∗ + 2G∗
(6)
Thus equations (1) - (6) give the dependence of moduli G∗ and K∗ on the
elastic constants GN and KN , and on G(r) and K(r) distribution functions of
shear and bulk moduli for the second material. Here r denotes different types
of particles of the second material.
Let us assume that the distribution G(r) of the elastic moduli for particles
of the second material is linear:
G(r) = rG1 + (1 − r)G0 (7)
and:
K(r) = rK1 + (1− r)K0 (8)
where G0 and G1 are two values of the shear modulus G for the second
material which correspond to the index 0 and 1 of the particles diameter, and
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where K0 and K1 are two values of the bulk modulus K for the second material
which correspond to the index 0 and 1 of the particles diameter. Let us note
that the linear approximation is expected to be good approximation for the
case in which values for the moduli for r = 0 and for r = 1 are not different too
much. The larger difference G1 −G0 for the second material is obtained due to
presence of texture, cracks or other types of defects.
From (7) - (8) we obtain equations (1) - (6) in the following form. The
effective shear modulus G∗ is found from the equation (1) where G(r) = G:
1
G∗
=
1
GN
+
x
GNβ∗
[
β∗(G∗ −GN )−G
∗
β∗(G0 −G1)
ln(
G∗ + β∗(G1 −G
∗)
G∗ + β∗(G0 −G∗)
)− 1] (9)
where β∗ is given by (2) and ν∗ is the Poissons ratio of the composite mate-
rial.
From the effective shear modulus we can calculate the shear wave velocity
in homogeneous and isotropic solids. The effective velocity of a shear wave v∗s
is given by the shear modulus and the solids density in this case as:
1
v∗s
=
√
ρ
G∗
=
√
ρ.(
1
GN
+
x
GNβ∗
[
β∗(G∗ −GN )−G∗
β∗(G0 −G1)
ln(
G∗ + β∗(G1 −G∗)
G∗ + β∗(G0 −G∗)
)− 1]).
(10)
The effective bulk modulus K∗ is found from the equation:
1
K∗
=
1
KN
+
x
KNα∗
[
α∗(K∗ −KN)−K
∗
α∗(K0 −K1)
ln(
K∗ + α∗(K1 −K
∗)
K∗ + α∗(K0 −K∗)
)− 1] (11)
where α∗ is given by (5).
From the equations (9) - (11) it follows that such textures, cracks and defects
which induce larger difference of the elastic moduli G and K lead in the first
approximation of the inverse of the absolute value of the difference G1−G0 and
of the difference K1 −K0 to the microcomposite in which:
1
K∗
≈
1
KN
(1−
x
α∗
) (12)
and:
1
G∗
≈
1
GN
(1−
x
β∗
) (13)
and where for α∗ and β∗ positive hardening of the microcomposite is present
in this order. This is observed in numerical simulation, [21], where crystallo-
graphic microstructure is taken into account in the numerical modeling.
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The equations (9) - (11) have different form for the case in which there is no
distribution of the elastic moduli of particles of the second material, e.i. when
G0 = G1 = G and when K0 = K1 = K. Then we obtain that the equations (9)
- (11) take the following form.
The effective shear modulus G∗ is found from the equation:
1
G∗
=
1
GN
−
x
GN
[
G−GN
G∗ + β∗(G−G∗)
] (14)
From the effective shear modulus (14) we can calculate the shear wave ve-
locity . The effective velocity of a shear wave v∗s is given now by:
1
v∗s
=
√
ρ.(
1
GN
−
x
GN
[
G−GN
G∗ + β∗(G−G∗)
]). (15)
and the effective bulk modulus K∗ is found from the equation (4) where
K(r) = K:
1
K∗
=
1
KN
−
x
KN
[
K −KN
K∗ + α∗(K −K∗)
]. (16)
Young modulus E∗ for isotropic composite may be calculated [22]:
E∗ = 3.K∗(1 − 2.ν∗) = 3.
1
1
KN
−
x
KN
[ K−KN
K∗+α∗(K−K∗) ]
(1 − 2.ν∗)] = (17)
= 2.G∗(1 + ν∗) = 2.
1
1
GN
−
x
GN
[ G−GN
G∗+β∗(G−G∗) ]
(1 + ν∗)]
Here the Poisons ratio ν∗ we obtain from above. To obtain the Young
modulus E∗ in the first order of x we may omit stars in K∗, α∗, ν∗, β∗ and G∗
in the equation (17). In this chapter we have formulated a model theory for the
elastic moduli G, K and Y of a microcomposite which has two constituents and
for the effective shear wave velocity.
3 The case of no distribution of the form of par-
ticles and effective elastic moduli
For the filler-reinforced polymer composite with no distribution of the form of
particles in (14) - (16) we have described in [13] the equations for the effective
shear and bulk moduli. To study the solution of these equations it is convenient
to introduce the following ansatz in the equations (14) and (16):
G∗ = (G−GN ).g (18)
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K∗ = (K −KN).k
The functions g and k are given by:
g± =
1
2[1− β∗]
[−β∗(γ + γN ) + (x+ γN )±
√
Dg] (19)
where:
Dg = [β
∗(γ + γN )− (x+ γN )]
2 + 4(1− β∗)β∗γγN (20)
and where:
γN =
GN
G−GN
(21)
and:
γ =
G
G−GN
, (22)
and:
k± =
1
2[1− α∗]
[−α∗(δ + δN ) + (x+ δN )±
√
Dk] (23)
where:
Dk = [α
∗(δ + δN )− (x+ δN )]
2 + 4(1− α∗)α∗δδN (24)
and where:
δN =
KN
K −KN
(25)
and:
δ =
K
K −KN
. (26)
The effective Poison’s ratio ν∗ has the form:
ν∗ =
3k − 2gǫ
6k + 2gǫ
(27)
where ǫ is defined as:
ǫ =
G−GN
K −KN
. (28)
Note that Dg and Dk are discriminants which may be positive or negative.
In the first case g± is real and k± is real too. In the second case g± is a complex
number and k± is a complex number too. The signs of both discriminants
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in equations (33) and (21) are independent. We will consider the static case
only in the following. According to the fluctuation-dissipation theorem the
imaginary part of the moduli will be zero. For isotropic elastic solids [23] the
range of stability for ν∗ is between -1 and 0.5 values. We will assume that the
microcomposite is an isotropic elastic solid. The microcomposite is assumed to
be unconstrained. The range of the Poison’s ration ν∗ above corresponds to the
stability criteria, e.i. to positive G∗ and K∗ mechanical moduli. Ferroelastic
materials may have a negative stiffness, see in [24]. The problem with negative
stiffness inclusions /clusters/ in a matrix may be considered by our model, this
problem is not discussed here. Note that in [25] ferroelastic martensites parent
to product phase transition was studied. Order parameter which drives this
transition is shear deformation. Strain energy dominates morphology, and the
transition results in a characteristic lamellar or twinned structure. This then
may lead to a nonisotropic microcomposite, and calculations of the mechanical
moduli should take this fact into account. This is not the case in this paper
for simplicity. Martensites are proper ferroelastics, and improper ferroelastics
are f.e. ferroelectrics, the martensites show weakly first order phase transition
near the second order, or second order phase transition and thus Landau theory
applies. This fact is used in our paper. Examples of proper ferroelastics are
InTl, FePd, NiTi, AuCd. In proper ferroelastics textures form occurs and it
does not correspond with the assumption of the isotropic elastic microcomposite.
Improper ferroelastics are materials like high-temperature superconductors, and
GMR manganites. In [26] it was studied how composites with inclusions of
negative bulk modulus in a matrix behave. Let us note that complex values of
mechanical moduli correspond to viscoelastic materials, in which however G
′′
,
the imaginary part of the shear modulus, must be positive [27] if the material
should be stable. The quantity tan(δ) is given by the ratio G
′′
G
′ , where G
′
is the
real part of the shear modulus. Experimental results for this ratio are from 0.01
at room temperature to 0.015 at higher temperatures. In [28] it was found that
ripples are present in the response for temperature dependence of the 5-percent
V O2 in Sn matrix.
We can calculate the shear wave velocity in homogeneous and isotropic solids
where there are two kinds of waves, pressure waves and shear waves. The
effective velocity of a shear wave v∗s is given by the shear modulus from (31) :
v∗s =
√
(G−GN ).g
ρ
(29)
where (G−GN ).g are given above.
The Young modulus E∗ for isotropic composite may in this case be calculated
from:
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E∗ = 2.G∗(1+ν∗) = 2.(G−GN ).g.(1+ν
∗) = 3.G∗(1−2ν∗) = 3.(K−KN).k.(1−2ν
∗)
(30)
where ν∗ is given from (31).
4 Low concentration of the dielectric material:
elastic moduli
In Macro- andMicrofiller-Reinforced Polymer Composite with low concentration
of the dielectric material we obtain from the equations (14) - (16) in the limit
of small concentrations x of the dielectric particles the effective Poison’s ratio:
ν∗ =
3KN − 2GN
6KN + 2GN
(1− xθ) (31)
where the constant θ is given by:
θ ≡ (
3KN
δN+α∗δ
−
2GN
γN+β∗γ
3KN − 2GN
−
6KN
δN+α∗δ
+ 2GN
γN+β∗γ
6KN + 2GN
) (32)
and the effective bulk modulus:
K∗ = KN(1 −
x
δN + α∗δ
) (33)
and the effective shear modulus:
G∗ = GN (1 −
x
γN + β∗γ
) (34)
where α and β constants are calculated as above. We have found that:
β∗ = βN (1 + x(
5νNθ
2(4 − 5νN)
−
νNθ
15(1− νN )
)) (35)
and for α∗ we have found:
α∗ = αN (1− x(
νNθ
3(1 + νN )
+
νNθ
3(1− νN )
)) (36)
Note however that in the equations (33) - (34) we can omit the star at the
quantities α and β due to the fact that the calculations are done up to the first
order in the concentration x. From the equations (33) we can find that the
material with inclusions is less harder if the microcomposites is such that the
quantity δN + αNδ is positive. And vice versa. From the equation (34) we find
that the material with inclusions stiffens if the microcomposite is such that the
inequality γN + αNγ is positive. And vice versa.
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The shear wave velocity v∗s is given by:
v∗s =
√
GN (1−
x
γN+β∗γ
)
ρ
. (37)
With increasing concentration x of inclusion stiffening the composite the
shear wave velocity decreases.
The Young modulus E∗ in this case is calculated to be:
E∗ = 2.G∗(1 + ν∗) = 2.GN (1−
x
γN + β∗γ
).(1 +
3KN − 2GN
6KN + 2GN
(1− xθ)) (38)
This calculation is to the O(x) order so we neglect in (17) the term of the
order O(x2):
E∗ = 2.G∗(1+ ν∗) = 2.GN [(1+
3KN − 2GN
6KN + 2GN
)−x.(
1
γN + β∗γ
− θ
3KN − 2GN
6KN + 2GN
)]
(39)
We ommited a star in β∗ in the equation (38) in the O(x) order.
5 Summary
According to the NASA Survey of Breakthrough Materials [29] applications of
new materials must be evaluated in a systems context. Advanced structural
design methods and highly efficient structural concepts are required to exploit
the potential benefits of biomimetic, nanostructured, multifunctional materi-
als in revolutionary aerospace vehicles. Note that for structural materials for
vehicles and habitats a factor of 2 gain in weight savings can be achieved by
carbon fiber reinforced polymers, metal matrix composites, and intermetallics;
carbon nanotube reinforced polymers (and metals) may gain a factor of 10 gain
in weight savings. For structural materials for propulsion components ceramics
may gain a factor of 2 gain in use temperature but may never achieve attrac-
tive structural design allowables; advanced metallic alloys and intermetallics
may offer a factor of 2 gain in weight savings but only modest temperature
improvements; polymer matrix composites, including carbon nanotubes, may
offer significant weight savings but at a reduction in the use temperature. Ma-
terials for radiation shielding may gain by selecting structural materials only
modest improvement in shielding potential (10− 20%); dramatic improvements
in radiation protection may be achieved by nonconventional vehicle and habi-
tat configurations. In thermal protection systems breakthroughs will not come
from improved material properties but from revolutionary concepts and capa-
bilities such as sharp leading edges, rapid heat transfer, all-weather durability,
self-diagnostics and self-repair. In electronic and photonic materials dramatic
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breakthroughs will occur from functionalized nanostructured materials enabling
the fabrication of nano-electro-mechanical systems (NEMS). As we can see there
are many possibilities to gain in weight mainly for structural materials for ve-
hicles - reinforced polymers, structural materials for propulsion components -
polymer matrix component, materials for radiationshielding, thermal protection
and electronic and photonic materials.
As we mentioned above macro- and microfiller-reinforced polymer compos-
ites are used 70 years in various industries, [2], these materials have superior
mechanical properties, they are nonmagnetic and have a good resistance against
harsh environment. Vehicles are lighter, costs reduced, they are corrosion resis-
tant, body parts of polymer based composites are in various land transport vehi-
cles. Use of the composites was also in marine, commercial aircrafts, biomedical
applications (hip replacemment-low friction coefficient, low density, biocompat-
ibility), boot applications.
It is possible to obtain high specific stiffness and strength and gains for
these materials using our calculations of the bulk and shear moduli in [13] and
using our calculations in this paper for the Young modulus and for the shear
wave velocity. Our calculations for material design may be used not only in the
first approximation in the concentration x of the dielectric material, but also
higher mechanical loading which leads to nonlinear behavior and is exhibited
by ferroelectric and ferroelastic ceramics [17] may be studied.
The problem of effective shear and bulk moduli, of an effective Poison’s ratio
and of an effective dielectric response in microcomposites of the ferroelastic-
dielectric type was studied recently, [12] and [13], as well as one of us, M. Hudak
studied in [1] static mechanical properties of the EVA material theoretically and
in experimentally. Thus it was useful to extend our study of mechanical response
of microcomposites of the type ferrolastics - dielectrics to study the shear wave
velocity and to study the Young modulus. We used in this paper our [13] model
of ferroelastic-dielectric microcomposites and elastic moduli. Then we studied
the case of no distribution of the form of particles and effective Young moduli
and effective shear wave velocity. Low concentration of the dielectric material
was then studied for the Young modulus and the shear wave velocities.
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